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COUNTING IRREDUCIBLE REPRESENTATIONS OF LARGE DEGREE
OF THE UPPER TRIANGULAR GROUPS
TUNG LE
Abstract. Let Un(q) be the upper triangular group of degree n over the finite field
Fq with q elements. In this paper, we present constructions of large degree ordinary
irreducible representations of Un(q) where n ≥ 7, and then determine the number of
irreducible representations of largest, second largest and third largest degrees.
1. Introduction
Let q be a power of a prime p and Fq a field with q elements. The group Un(q) of all
upper triangular (n × n)-matrices over Fq with all diagonal entries equal to 1 is a Sylow
p-subgroup of GLn(Fq). It was conjectured by Higman [5] that the number of conjugacy
classes of Un(q) is given by a polynomial in q with integer coefficients. Isaacs [8] showed
that the degrees of all irreducible characters of Un(q) are powers of q. Huppert [7] proved
that character degrees of Un(q) are precisely of the form {q
e : 0 ≤ e ≤ µ(n)} where the
upper bound µ(n) was known to Lehrer [10]. Lehrer [10] conjectured that each number
Nn,e(q) of irreducible characters of Un(q) of degree q
e is given by a polynomial in q with
integer coefficients. Isaacs [9] suggested a strengthened form of Lehrer’s conjecture stating
that Nn,e(q) is given by a polynomial in (q − 1) with nonnegative integer coefficients. So,
Isaacs’ conjecture implies Lehrer’s Conjecture, which in turn implies Higman’s Conjecture.
To study irreducible characters of Un(q), Andre´ [1] constructs elementary characters using
the Kirillov orbit method, which is similar to Lehrer’s construction [10]. He then defines
basic characters as tensor products of sets of elementary characters. The set nonprincipal
irreducible characters Irr(Un(q))
∗ of Un(q) is partitioned by the irreducible constituents of
basic characters. Diaconis and Isaacs [4] generalize the notion of basic characters to that of
supercharacters.
When q is a proper prime power, Un(q) has no faithful characters. We define almost
faithful characters as follows.
Definition 1.1. Let G be a group with center Z(G). A character χ of G is called almost
faithful if χ|Z(G) 6= χ(1)1Z(G).
It is clear that when q = p, Z(Un(q)) is cyclic, almost faithful implies faithful. Here,
we approach complex representations of a Sylow p-subgroup U of a finite group of Lie type
G(q) by its root system. For each positive root, we construct a minimal degree almost
faithful irreducible character, which is called midafi. The constituents of a certain collection
of tensor products of midafis partition Irr(U)∗. If G = GLn(q), it turns out that our midafi
characters are precisely the elementary characters of Andre´, and moreover, the resulting
partitions of Irr(Un(q))
∗ coincide. This is no longer true when G is not of type A, see [2, 6].
To compute the numbers Nn,e(q) of Un(q), Isaacs [9] uses combinatorial methods to count
the numbers of orbits in a certain nilpotent associative Fq-algebra. He obtains the exact
numbers of largest and second largest degree irreducible characters of Un(q). Here, we
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decompose certain supercharacters to construct all irreducible characters of Un(q) of degree
qa, a ∈ {µ(n), µ(n)− 1, µ(n)− 2}. We prove the following.
Theorem 1.2. The following formulae hold.
(i) For n ≥ 3, we have
Nn,µ(n)(q) = (q − 1)Nn−2,µ(n−2)(q).
(ii) For n ≥ 5, we have
Nn,µ(n)−1(q) = (q − 1)Nn−2,µ(n−2)−1(q) + q(q − 1)
2Nn−4,µ(n−4)(q).
(iii) For n ≥ 7, we have
Nn,µ(n)−2(q) = (q − 1)Nn−2,µ(n−2)−2(q) + q(q − 1)
2Nn−4,µ(n−4)−1(q)
+(2q2 + q − 1)(q − 1)3Nn−6,µ(n−6)(q).
Using the initial values from [9], we show that the number Nn,µ(n)−2(q) of third largest
degree irreducible characters of Un(q) is a polynomial in (q − 1) with positive integer coef-
ficients.
In [11], Marjoram uses combinatorial methods to establish the exact formula forNn,µ(n)(q).
Hence, Theorem 1.2 (i) is properly included in Marjoram’s and Isaacs’ work. But, since we
prove part (i) directly from the recursion construction of Un(q) to Un−2(q) by using super-
characters, it seems appropriate to present it here. In addition, Marjoram’s thesis includes
polynomial formulas for Nn,µ(n)−1(q) and Nn,µ(n)−2(q) when n is even.
At the end of Section 4, we give a very sketch of how our methods can be pushed further
to compute the number Nn,µ(n)−k(q) of Un(q) for n ≥ 2k + 1. However, the length of the
full argument exceeds the scope of the present paper. Without proof, we state that
Nn,µ(n)−3(q) = (q − 1)Nn−2,µ(n−2)−3(q) + q(q − 1)
2Nn−4,µ(n−4)−2(q)
+(2q2 + q − 1)(q − 1)3Nn−6,µ(n−6)−1(q) + q
2(q − 1)3Nn−6,µ(n−6)(q)
+(4q3 + 4q2 − 3q − 1)(q − 1)4Nn−8,µ(n−8)(q).
The proof of Theorem 2.6 shows how to decompose a tensor product of two supercharacters
into a sum of supercharacters. Notice that Theorem 2.6 is similar to [1, Theorem 1].
This paper is organized as follows. We first introduce the relevant properties of Un(q)
and supercharacters. Next, we prove Theorem 2.6 by using our language and constructions.
In Section 4, we construct and count the large degree characters.
2. Some properties of Un(q)’s characters
Let G be a group. Denote G∗ := G − {1}, Irr(G) the set of all complex irreducible
characters ofG, and Irr(G)∗ := Irr(G)−{1G}. ForHEG, let Irr(G/H) denote the irreducible
character set of G with H in the kernel. If K ≤ G such that G = H ⋊ K, then for each
character ξ of K, we denote the inflation of ξ to G by ξG, i.e. ξG is the extension of ξ to G
withH ⊂ ker(ξG). ForH ≤ G and ξ ∈ Irr(H), define Irr(G, ξ) := {χ ∈ Irr(G) : (χ, ξ
G) 6= 0}.
Furthermore, for a character χ of G, we denote its restriction to H by χ|H .
Let Σ := Σn−1 = 〈α1, ..., αn−1〉 be the root system of GLn(q) with respect to the maximal
split torus equal to the diagonal group, see [3]. Denote αi,j := αi + αi+1 + ... + αj for all
0 < i ≤ j < n, and define the height of αi,j as ht(α) := j − i + 1. Let Σ
+ denote the set
of all positive roots and Xα the root subgroup of GLn(q) corresponding to α ∈ Σ
+. Hence,
Xαi,j is the set of all upper triangular matrices in the form In + c · ei,j+1, where In is the
identity (n× n)-matrix, c ∈ Fq and ei,j+1 is the zero matrix except a ‘1’ at entry (i, j + 1).
The upper triangular group Un(q) is generated by all Xα’s, α ∈ Σ
+. We write U for Un(q)
if n and q are clear from the context.
For each α ∈ Σ+, there is a corresponding set of (q−1) orbits of the nilpotent Lie algebra
of U . For each such orbit, Andre´ [1] constructs an irreducible character, which he calls
elementary. We shall reconstruct these characters by using the root system.
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Definition 2.1. For each α ∈ Σ+, we define
(i) arm(α) := {β ∈ Σ+ : α, β on the same row and (α− β) ∈ Σ+} and
Aα := 〈Xβ : β ∈ arm(α)〉,
(ii) leg(α) := {β ∈ Σ+ : α, β on the same column and (α − β) ∈ Σ+} and
Lα := 〈Xβ : β ∈ leg(α)〉,
(iii) the hook h(α) := {α}∪arm(α)∪leg(α), and the hook group Hα := 〈Xβ : β ∈ h(α)〉,
(iv) the base group Vα := 〈Xβ : β ∈ Σ
+ − arm(α)〉,
(v) the subtriangular group Uα := 〈Xβ : β ∈ Σ
+, ∃γ ∈ Σ+ ∪ {0}, (β + γ) ∈ h(α)〉,
(vi) the radical Rα := 〈Xβ : β ∈ Σ
+, Xβ * Uα〉.
If α is a simple root, arm(α), leg(α) are empty and Aα, Lα are trivial. If ht(α) > 1,
then Aα, Lα are abelian, [Aα, Lα] = Xα = Z(Hα) and Hα = AαXα ⋊ Lα = Aα ⋉XαLα is
a special group. We have U = Uα1,n−1 = Rα ⋊ Uα for all α ∈ Σ
+. Therefore, all characters
of Uα are inflated to U . These groups can be visualized as follows.
α
Hα =
arm(α)
leg(α)
U =
❅
❅
❅
❅
❅
❅
❅
α
Uα
Rα Vα =
❅
❅
❅
❅
❅
❅
α
Since Xα ∩ [Vα, Vα] = {1}, there exist (q − 1) linear characters λ ∈ Irr(Vα/[Vα, Vα])
such that λ|Xα 6= 1Xα and λ|Xβ = 1Xβ for all Xβ ⊂ Vα with β 6= α. From now on,
we denote by Irr(Vα/[Vα, Vα])
∗ the set of these (q − 1) linear characters of Vα. For each
λ ∈ Irr(Vα/[Vα, Vα])
∗, we call λU an elementary character associated to α. Since the hook
group Hα is special, the following lemma is obvious. However, we provide a short proof.
Lemma 2.2. λU is irreducible and ((λ|Vα∩Uα)
Uα)U = λ
U . Moreover, λU |Hα is irreducible
and extendable to U .
Proof. If α is a simple root since Hα = Uα = Xα, Vα = U and λ
U = λ. Now we suppose that
the height ht(α) > 1. Since Rα ⊂ ker(λ
U ), it is enough to show that λU |Hα is irreducible.
By Mackey formula for the double coset U = VαHα, λ
U |Hα = λ|Vα∩Hα
Hα .
Here Vα ∩ Hα = XαLα, and Hα = XαLα ⋊ Aα. Each x ∈ A∗α can be written uniquely
as xβ1 ...xβk where βi ∈ arm(α), ht(βi) < ht(βi+1) and xβi ∈ X
∗
βi
. Let γ ∈ leg(α) such that
γ + β1 = α. For all y ∈ Xγ , we have [y, x] ∈ Xα and
(xλ|XαLα)(y) = λ(y
x) = λ(y[y, x]) = λ([y, x])λ(y) 6= λ|XαLα(y) = 1.
So the inertia group IHα(λ|XαLα) = XαLα. By Clifford theory, λ|XαLα
Hα is irreducible. 
From the proof of Lemma 2.2, the following corollary is clear.
Corollary 2.3. For each α ∈ Σ+, the following hold.
(i) Hα has q
2·|arm(α)| linear characters and (q−1) almost faithful irreducible characters
of degree q|arm(α)| = |Aα| = |Lα|, which are {λ
U |Hα : λ ∈ Irr(Vα/[Vα, Vα])
∗}.
(ii) λU |Lα = 1{1}
Lα the regular character of Lα.
(iii) ϕHα = λU |Hα for all ϕ ∈ Irr(XαLα, λ|Xα).
Two roots α, β ∈ Σ+ are called separate if they are on neither the same row nor same
column. A nonempty subset D of Σ+ is called a basic set if all roots in D are pairwise
separate. For each basic set D, let ED =
⊕
α∈D Irr(Vα/[Vα, Vα])
∗. For each basic set D and
φ ∈ ED, Andre´ [1] defines a basic character as
ξD,φ =
⊗
λα∈φ
λα
U .
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In Diaconis and Isaacs [4], ξD,φ is an example of a supercharacter. It is known that all
p-groups are monomial, i.e. all irreducible characters are induced from linear characters.
Here, supercharacters may not be irreducible, but the following lemma shows that they are
always induced from linear characters.
Definition 2.4. For each basic set D and φ ∈ ED, we define
VD :=
⋂
α∈D
Vα and λD :=
⊗
λα∈φ
λα|VD .
Lemma 2.5. We have ξD,φ =
⊗
λα∈φ
λα
U = λD
U .
Proof. We induct on the size of D. Suppose that D′ := D ∪ {β} is a basic set and for all
φ ∈ ED, ξD,φ = λD
U where λD =
⊗
λ∈φ λ|VD and VD =
⋂
α∈D Vα. Let φ
′ := φ ∪ {λβ}
for some φ ∈ ED and λβ ∈ Irr(Vβ/[Vβ, Vβ ])
∗. Since D ∪ {β} is a basic set, U = VDVβ , by
Mackey formula for this double coset, we have
ξD′,φ′ = ξD,φ ⊗ λ
U
β
= λUD ⊗ λ
U
β
= (λUD|Vβ ⊗ λβ)
U
= (λD|VD∩Vβ
Vβ ⊗ λβ)
U
= ((λD |VD∩Vβ ⊗ λβ |VD∩Vβ )
Vβ )U
= λD′
U ,
where λD′ =
⊗
λ∈φ′ λ|VD′ and VD′ =
⋂
α∈D′ Vα. 
Actually in the proof of Lemma 2.5, we only need ‘no two roots in D on the same row’.
The main motivation for defining supercharacters is to get a partition of the set of all
nonprincipal irreducible characters Irr(U)∗ of U .
Theorem 2.6. For each χ ∈ Irr(U)∗, there exist uniquely a basic set D and a set φ ∈ ED
such that χ is a constituent of ξD,φ.
Notice that this is [1, Theorem 1]. In Section 3, we reprove it by using different methods.
In Section 4, our methods are extended to prove Theorem 1.2.
3. Supercharacters
When q is not prime, Z(U) is not cyclic, U has no faithful characters. That explains why
we come up with ‘almost faithful’ in Definition 1.1. Notice that for a group G, Z(G) ⊂ Z(χ)
for all χ ∈ Irr(G), where Z(χ) := {g ∈ G : |χ(g)| = χ(1)}. It is clear that λα
U |Uα is a
minimal degree almost faithful irreducible character of Uα for all λα ∈ Irr(Vα/[Vα, Vα])
∗.
Recall that if χ ∈ Irr(G) is almost faithful, there exists uniquely σ ∈ Irr(Z(G))∗ such that
χ ∈ Irr(G, σ). The next theorem characterizes all almost faithful irreducible characters.
Theorem 3.1. Each almost faithful irreducible character of U factors uniquely into a tensor
product of an almost faithful elementary character and a character of Irr(U/Hα1,n−1).
Proof. It is known that Z(U) = Xα1,n−1 . Let σ ∈ Irr(Xα1,n−1)
∗ and λU ∈ Irr(U, σ) be an
elementary character associated to α1,n−1. Denote H := Hα1,n−1 . We have
(λU |H)
U = (λU |H ⊗ 1H)
U = λU ⊗ 1H
U = λU ⊗
∑
η∈Irr(U/H)
η(1) η.
By Lemma 2.2, λU |H is irreducible and extendable to U , by Clifford theory, λ
U ⊗ η are
irreducible for all η ∈ Irr(U/H). Since σH = λU (1)λU |H , by the transitivity of induction,
σU = (σH)U =
∑
η∈Irr(U/H) λ
U (1)η(1)λU⊗η. Therefore, for each almost faithful irreducible
character χ ∈ Irr(U, σ), there exists unique η ∈ Irr(U/H) such that χ = λU ⊗ η. 
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For each appropriate number e ≥ n − 2, by Theorem 3.1, the set of all irreducible
characters of degree qe always contains almost faithful ones. We will apply Theorem 3.1 to
construct the representations of large degree irreducible characters in Section 4.
If χ ∈ Irr(U) is not almost faithful, Xα1,n−1 ≤ ker(χ). So we can work with U/Xα1,n−1
when decomposing supercharacters ξD,φ where α1,n−1 /∈ D. First, we study tensor products
of two elementary characters. A tensor product of an elementary character with a linear
character clearly remains irreducible. In particular, if λα
U , λβ
U are elementary characters
where α ∈ arm(β) (or leg(β)) and α is a simple root, i.e. λα
U = λα, then λα⊗λβ
U = λβ
U .
Lemma 3.2. Let λ1
U , λ2
U be two nonlinear elementary characters associated to αi,j and
αl,k respectively. The decomposition of λ1
U ⊗ λ2
U is as follows:
(i) if |Hαi,j ∩Hαl,k | = 1 then λ1
U ⊗ λ2
U is irreducible,
(ii) if |Hαi,j ∩Hαl,k | = q then λ1
U ⊗λ2
U has q distinct irreducible constituents of degree
q(j−i)+(k−l)−1 with multiplicity 1,
(iii) if αi,j ∈ leg(αl,k) (or arm(αl,k)), then λ1
U ⊗ λ2
U decomposes into λ2
U and a sum
of
∑
λα∈Irr(Vα/[Vα,Vα])∗
λ2
U ⊗ λα
U for all α ∈ arm(αi,j) (or leg(αi,j) respectively);
each constituent has multiplicity 1,
(iv) if αi,j = αl,k, and λ1
U 6= λ2
U , then λ1
U ⊗ λ2
U decomposes into
(q + (j − i− 1)(q − 1))(λ1 ⊗ λ2)
U +
Uα⊂Uαi+1,j−1∑
λα∈Irr(Vα/[Vα,Vα])∗
(λ1 ⊗ λ2)
U ⊗ λα
U .
(v) if αi,j = αl,k, and λ1
U = λ2
U , then λ1
U ⊗ λ2
U decomposes into
1U +
β1∈arm(αi,j), λβ1∈Irr(Vβ1/[Vβ1 ,Vβ1 ])
∗∑
β2∈leg(αi,j ), λβ2∈Irr(Vβ2/[Vβ2 ,Vβ2 ])
∗
λβ1
U + λβ2
U + λβ1
U ⊗ λβ2
U .
Proof. (i) If Uαi,j ⊂ Uαl,k( or Uαl,k ⊂ Uαi,j ), it is clear by Theorem 3.1; if Uαi,j∩Uαl,k = {1},
it follows by Irr(Uαi,j × Uαl,k) ≃ Irr(Uαi,j )× Irr(Uαl,k).
V1 =
❅
❅
❅
❅
❅
❅
αi,j
V2 =
❅
❅
❅❅
❅
❅❅
αl,k
V12 =
❅
❅
❅❅
❅❅
V =
❅
❅
❅❅
❅❅
αi,l−1
(ii) Since |Hαi,j ∩Hαl,k | = q, αi,j and αl,k are separate. We suppose that i < l < j < k. It
suffices to work with the quotient U/(Rαi,j∩Rαl,k). Let V1, V2 be the base groups of αi,j , αl,k
respectively. By Lemma 2.5, λU1 ⊗λ
U
2 = λ
U
12 where λ12 = λ1|V12 ⊗λ2|V12 , and V12 = V1 ∩V2.
Since [V12, Xαi,l−1 ] = {1}, we let V := 〈V12, Xαi,l−1〉 = V12Xαi,l−1 ≃ V12 × Xαi,l−1 . So
λV12 = λ12V ⊗ 1V12
V = λ12V ⊗
∑
ρ∈Irr(V/V12)
ρ =
∑
ρ∈Irr(Xαi,l−1 )
λ12V ⊗ ρV . Therefore, λ12
extends to q distinct linear characters of V . Let λ be an extension of λ12 to V .
SetM0 := V ,Mt :=Mt−1Xαi,j−t , for all t ∈ [1, j− i], andMt :=Mt−1Xαl,k+(j−i)−t for all
t ∈ [(j− i)+1, (j− i)+ (k− l)]. Hence, Ml−j =Ml−j+1, Mj−i = V2, andM(j−i)+(k−l) = U .
To show that λU is irreducible, by the transitivity of inductions, we proceed (j−i)+(k−l)−1
steps of inductions along the arms of αi,j and αl,k respectively namely fromM0 to M1, M2,
..., M(l−k)+(j−i).
Let K0:=(leg(αi,j) ∪ leg(αl,k))− {αl,j} and Kt:=Kt−1 − {αj−t+1,j} for all t ∈ [1, j − i],
Kt := Kt−1−{αk+(j−i)−t+1,l} for all t ∈ [(j−i)+1, (j−i)+(k− l)]. Hence, Kj−l = Kj−l+1,
Kj−i = leg(αl,k), K(j−i)+(k−l) is empty, Xβ ⊂ ker(λ) for all β ∈ K0. For Mt = Mt−1Xα
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such thatMt 6=Mt−1, there exists uniquely β ∈ Kt−Kt−1 satisfying α+β = αi,j if t ≤ j−i,
α+ β = αl,k if t ≥ j − i+ 1.
Suppose that λL ∈ Irr(L) for some L = Mt, and Xβ ⊂ ker(λ
L) for all β ∈ K = Kt. If
t = (l−k)+(j− i), it is done. Otherwise, the next induction step is from L to LXα =Mt+1
where α ∈ arm(τ), τ = αi,j if t ≤ j − i and τ = αl,k if t ≥ (j − i) + 1. Here, Xα normalizes
L and there exists β ∈ K in the leg of τ such that α + β = τ , Xβ ⊂ ker(λ
L). So for each
x ∈ X∗α, all xβ ∈ Xβ, we have
x(λL)(xβ) = λ
L(xβ
x) = λL(xβ [xβ , x]) = λ([xβ , x])λ
L(xβ) 6= λ
L(xβ) = λ
L(1),
since [xβ , x] ∈ Xτ ⊂ Z(λ
L) and there exists some xβ ∈ Xβ such that λ([xβ , x]) 6= 1.
Hence, for all x ∈ X∗α,
x(λL) 6= λL since Xβ * ker(x(λL)). By Mackey formula for the
double coset L\LXα/L represented by Xα, we have
(λLXα , λLXα) =
∑
x∈Xα
(x(λL), λL) = (λL, λL) = 1, i.e. λLXα ∈ Irr(LXα, λ).
It is clear that Xγ ⊂ ker(λ
LXα) for all γ ∈ K − {β} = Kt+1. Therefore, by induction on t,
λU ∈ Irr(U, λ) of degree q(l−k)+(j−i)−1 . Now, we show that for any two distinct extensions
λ, λ′ of λ12 to V , if λ
L 6= λ′L then λLXα 6= λ′LXα . Since Xβ * ker(x(λL)) for all x ∈ X∗α,
(λLXα , λ′LXα) =
∑
x∈Xα
(x(λL), λ′L) = (λL, λ′L) = 0.
(iii) Suppose αi,j ∈ leg(αl,k), hence, i > l ≥ 1. Let τ1 := αi,j , τ2 := αl,k, V1 := Vτ1 and
V2 := Vτ2 . By Mackey formula for V2V1 = U , λ
U
1 ⊗λ
U
2 = (λ1⊗λ
U
2 |V1)
U = (λ1⊗λ2|V1∩V2
V1)U .
By Corollary 2.3, λ1 ⊗ λ2|V1∩V2
V1 = (λ1|V1∩V2 ⊗ λ2|V1∩V2)
V1 = (λ2|V1∩V2)
V1 = λU2 |V1 . So
λU1 ⊗ λ
U
2 = (λ
U
2 |V1)
U = (λU2 |V1 ⊗ 1V1)
U = λU2 ⊗ 1V1
U .
V1 =
❅
❅
❅
❅
❅
❅
τ1
V2 =
τ2
❅
❅
❅
❅
❅
❅
V1 ∩ V2 =
❅
❅
❅
❅
❅
Uτ1 ∩ V1 =
❅
❅
❅
❅
τ1
Here, 1V1
U = (1Uτ1∩V1
Uτ1 )U . LetM0:=Uτ1∩V1, andMt:=Mt−1Xαi,j−t for all t ∈ [1, j−i].
Notice that Mj−i = Uτ1 and 1Uτ1∩V1
Uτ1 = 1M0
Uτ1 .
By the transitivity of inductions, 1M0
Uτ1 is decomposed via a series of inductions along the
arm of τ1 namely from M0 to M1, M2,..., Mj−i. Since M1 =M0⋊Xαi,j−1 , 1M0
M1 = 1M1 +∑
ρ∈Irr(M1/M0)∗
ρ. For each ρ ∈ Irr(M1/M0)
∗, by Lemma 2.2, ρUτ1 ∈ Irr(Uτ1) is an elemen-
tary character associated to αi,j−1. Therefore, (1M0
M1)Uτ1 = 1M1
Uτ1 +
∑
ρ∈Irr(M1/M0)∗
ρUτ1 .
The next induction step is from M1 to M2, i.e. 1M1
Uτ1 = (1M1
M2)Uτ1 .
Similarly, Mt=Mt−1⋊Xαi,j−t , 1Mt−1
Mt=1Mt+
∑
ρ∈Irr(Mt/Mt−1)∗
ρ, ρUτ1 is an elementary
character associated to αi,j−t for all t ∈ [2, j− i]. So 1M0
Uτ1 = 1Uτ1 +
∑1≤t≤j−i
ρ∈Irr(Mt/Mt−1)∗
ρUτ1 .
Therefore, (1M0
Uτ1 )U = 1U +
∑1≤t≤j−i
ρ∈Irr(Mt/Mt−1)∗
(ρUτ1 )U . We have Hαl,k ∩ Hαi,j−t = {1}
for all t ∈ [1, j− i], by (i) each component λ2
U ⊗ (ρUτ2 )U ∈ Irr(U) and it appears in λ
U
1 ⊗λ
U
2
with multiplicity 1, for all above ρ’s.
(iv) Suppose αi,j = αl,k and λ1
U 6= λ2
U
. Hence, λ1, λ2 ∈ Irr(V1/[V1, V1])
∗, and λ1 6= λ2
where V1 = Vαi,j . We define V2 := 〈Xα : α ∈ Σ
+ − leg(αi,j)〉. With the same argument as
in Lemma 2.2 on leg(αi,j), instead of arm(αi,j), there exists ξ ∈ Irr(V2/[V2, V2])
∗ such that
ξ|Xαi,j = λ2|Xαi,j , ξ|Xα = 1Xα for all the others Xα ⊂ V2, and ξ
U = λ2
U is an elementary
character at αi,j .
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V1 =
❅
❅
❅
❅
❅
❅
V2 =
❅
❅
❅
❅
❅
❅
V1 ∩ V2 =
❅
❅
❅
❅
❅
Let V12:=V1∩V2 and λ12:=λ1⊗λ2 ∈ Irr(V1/[V1, V1])
∗. By Mackey formula for U = V2V1,
λU1 ⊗ ξ
U = (λ1 ⊗ ξ
U |V1)
U = (λ1 ⊗ ξ|V12
V1)U = ((λ1|V12 ⊗ ξ|V12)
V1)U .
Since ξ|V12 = λ2|V12 , λ
U
1 ⊗ ξ
U = (λ12|V12
V1)U = (λ12 ⊗ 1V12
V1)U . Since Xαi,j ⊂ ker(1V12
V1),
1V12
V1 = ((1V12
V1)U )|V1 . Therefore, λ
U
1 ⊗ λ
U
2 = λ
U
1 ⊗ ξ
U = λU12 ⊗ (1V12
V1)U . Here, λ
U
12 is an
elementary character associated to αi,j since (λ1 ⊗ λ2)|Xαi,j 6= 1Xαi,j .
We decompose the permutation character 1V12
V1 exactly with the same method as in (iii)
into 1V1 and a sum of λα
U , for all α ∈ arm(αi,j) and all λα ∈ Irr(Vα/[Vα, Vα])
∗.
So λU1 ⊗ λ
U
2 = λ
U
12 +λ
U
12 ⊗
∑α∈arm(αi,j)
λα∈Irr(Vα/[Vα,Vα])∗
λUα . At the simple root αi ∈ arm(αi,j), as
observed above, λU12⊗ρ = λ
U
12 for all linear elementary ρ associated to αi. Hence, we obtain
q copies of λU12. At others αi,t where i < t < j, by (iii) with αi,t ∈ arm(αi,j), each tensor
product λU12 ⊗ λ
U
αi,t decomposes into λ
U
12 and a sum of
∑α∈leg(αi,t)
λα∈Irr(Vα/[Vα,Vα])∗
λU12 ⊗ λ
U
α . This
gives the others (j − i− 1)(q − 1) λU12. All the other tensor products are irreducible by (i).
(v) Suppose αi,j = αl,k and λ
U
1 = λ
U
2 , which implies λ1 = λ2. We use the same setup as
in (iv), hence λ2|V12 = ξ|V12 = λ1|V12 , and
λU1 ⊗ ξ
U = (λ1|V12 ⊗ ξ|V12)
U = 1V12
U = (1V12
V1)U .
We use exactly the same method as in (iii) to decompose the permutation character 1V12
V1
into 1V1 and a sum of all elementary characters at all α ∈ arm(αi,j), each constituent
appears with multiplicity 1. Call this set of constituents A.
Since each character ξ ∈ A is inflated to U , ξU = ξU ⊗ 1V2
U . Again we decompose 1V2
U
into 1U and a sum of all elementary characters at all α ∈ leg(αi,j), each constituent appears
with multiplicity 1. Call this set of constituents B.
Therefore, λU1 ⊗ λ1
U
= (1V12
V1)U =
∑
ξ1∈A
ξ1
U =
∑
ξ1∈A
∑
ξ2∈B
(ξ1)U ⊗ ξ2. 
Notice that in the proof of Lemma 3.2 (ii) because V 5 U , we use a sequence of inductions
from Mt to Mt+1 ⊂ NU (Mt) to control distinct induced characters. This technique will be
reused in our latter proofs. Let 1U be the supercharacter ξD,φ when D is empty. Lemma
3.2 (iii), (iv), (v) give the proof of the following.
Corollary 3.3. Let S ⊂ Σ+ be nonempty. The tensor product of a set of elementary
characters at α ∈ S decomposes into a sum of supercharacters.
By the proof in Lemma 3.2, it is easy to count the multiplicity of each supercharacter
constituent of the tensor product in Corollary 3.3. Now, we prove Theorem 2.6.
Proof of Theorem 2.6. We show that the regular character 1{1}
U decomposes into 1U and a
sum of supercharacters by induction on n, where U = Un(q), and that there is no χ ∈ Irr(U)
∗
such that χ is an irreducible constituent of two distinct supercharacters ξD,φ, ξD′,φ′ .
Let M :=Xα1,n−1Lα1,n−1 , S:={α1,n−1} ∪ leg(α1,n−1). Since M=〈Xα : α ∈ S〉 is abelian,
1{1}
M =
∑
ρ∈Irr(M) ρ = 1M +
∑α∈S
λ∈Irr(Vα/[Vα,Vα])∗
λ|M ⊗ (1{1}
Lα)M . Here 1{1}
Lα is the
regular character of Lα, by Corollary 2.3, λ|M ⊗ (1{1}
Lα)M = (λ
U |XαLα)M = λ
U |M for all
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λ ∈ Irr(Vα/[Vα, Vα])
∗ and α ∈ S. Therefore, 1{1}
M = 1M +
∑α∈S
λ∈Irr(Vα/[Vα,Vα])∗
λU |M . By
the transitivity of inductions,
1{1}
U = (1{1}
M )U
= (1M +
∑α∈S
λ∈Irr(Vα/[Vα,Vα])∗
λU |M )
U
= 1M
U +
∑α∈S
λ∈Irr(Vα/[Vα,Vα])∗
λU ⊗ 1M
U .
Since U = M ⋊ Uα1,n−2 , 1M
U is the regular character of Uα1,n−2 inflated to U . By
induction on n, 1M
U equals 1U and a sum of supercharacters of Uα1,n−2 . By Corollary 3.3,
1{1}
U equals 1U and a sum of supercharacters.
About multiplicities, the decomposition of 1{1}
U into 1U and a sum of supercharacters
shows that 1U is not a constituent of any supercharacters.
(Uniqueness) Suppose the set of constituents of supercharacters does not partition Irr(U)∗.
There is χ ∈ Irr(U)∗ such that χ is a constituent of distinct supercharacters ξD,φ and ξD′,φ′ .
It is clear that |D| > 1, and |D| can be chosen to be the smallest. Since ξD,φD and ξD′,φD′
have at least a common constituent, (ξD,φ, ξD′,φ′) = (ξD,φ ⊗ ξD′,φ′ , 1U ) 6= 0.
We start with a highest root in D ∪D′, call it α. Suppose α ∈ D and we shall show that
α ∈ D′. We have Xα ⊂ Z(ξD,φ ⊗ ξD′,φ′). If α /∈ D
′, then Xα ⊂ Z(ψ) and Xα * ker(ψ)
for all constituents ψ of ξD,φ ⊗ ξD′,φ′ , which implies (ξD,φ ⊗ ξD′,φ′ , 1U ) = 0, contradictory
to our assumption. So α ∈ D′. The corresponding characters λα ∈ φ and λ
′
α ∈ φ
′ must
satisfy (λα|Xα ⊗λ
′
α|Xα , 1Xα) = 1, i.e. λα = λ
′
α; otherwise, by Lemma 3.2 (iv), Xα * ker(ψ)
for all constituents of ξD,φ ⊗ ξD′,φ′ .
By Lemma 3.2 (v), λUα ⊗λα
U
decomposes into 1U and a sum of λ
U
β1
, λUβ2 , λ
U
β1
⊗λUβ2 for all
β1 ∈ arm(α), β2 ∈ leg(α) and all λβk ∈ Irr(Vβk/[Vβk , Vβk ])
∗ with k = 1, 2. Since D′ is basic,
for each βk, if βk∪ (D
′−{α}) is not basic then there is some γ ∈ (D′−{α}) such that either
βk ∈ arm(γ) (or leg(γ)) or γ ∈ arm(βk) (or leg(βk)). By Corollary 3.3 and Lemma 3.2
(vi), (v), λα
U
⊗ ξD′,φ′ decomposes into a sum of supercharacters ξS,φS . Corresponding to
constituents of λUα ⊗λα
U
, since (φ−{λα}) 6= (φ
′−{λα}) and others S 6= (D−{α}) because
S contains at least a root in arm(α) or leg(α), none of constituents equal
⊗
λδ∈φ−{λα}
λUδ .
Since 0 6= (ξD,φ, ξD′,φ′) = (
⊗
λδ∈φ
λδ
U , ξD′,φ′) = (
⊗
λδ∈φ−{λα}
λUδ , λα
U
⊗ ξD′,φ′), there
exists some ξS0,φS0 of λα
U
⊗ ξD′,φ′ such that (
⊗
λδ∈φ,δ 6=α
λUδ , ξS0,φS0 ) 6= 0, contradictory to
the minimality of |D| since D − {α} is basic. 
By the uniqueness in Theorem 2.6, the constituent set of all supercharacters ξD,φ is a
partition of Irr(U)∗. We define that a basic set D is decomposable if D has two nonempty
disjoint subsets A, B such that A ∪B = D, 〈Uα : α ∈ A〉 ⊂ Uβ and 〈Hα : α ∈ B〉 ⊂ Rβ for
some β ∈ Σ+; a basic set D is indecomposable if it is not decomposable.
For example, in U7(q), D = {α1,2, α3,4, α2,5, α4,6} is indecomposable, and D = {α3, α4}∪
{α2,5, α1,6} is decomposable. Denote by Irr(ξD,φ) the irreducible constituent set of ξD,φ.
The following property is very helpful to work with supercharacters.
Lemma 3.4. Let D be a decomposable basic set as A∪B. Then for each φ ∈ ED, φA ∈ EA,
φB ∈ EB such that φ = φA∪φB , Irr(ξD,φ) = {χA⊗χB : χA ∈ Irr(ξA,φA), χB ∈ Irr(ξB,φB )},
i.e. Irr(ξD,φ) ≃ Irr(ξA,φA)× Irr(ξB,φB ).
Proof. Suppose that D = A ∪· B where 〈Uα : α ∈ A〉 ⊂ Uβ and 〈Hα : α ∈ B〉 ⊂ Rβ for some
β ∈ Σ+. For φ ∈ ED, let φA = {λα ∈ φ : α ∈ A} ∈ EA and φB = {λα ∈ φ : α ∈ B} ∈ EB.
By the uniqueness in Theorem 2.6, for all χA ∈ Irr(ξA,φA), χB ∈ Irr(ξB,φB ), we show
that χA ⊗ χB ∈ Irr(U). It is clear that χ|Uβ ∈ Irr(Uβ) for all χ ∈ Irr(ξA,φA). Since
〈Hα : α ∈ B〉 ⊂ Rβ E U , by Clifford theory, it suffices to show that ξB,φB |Rβ has the same
number of constituents of ξB,φB , i.e. for all χ ∈ Irr(ξB,φB ), χ|Rβ ∈ Irr(Rβ), because the
number of irreducible constituents of ξB,φB |Rβ is greater than or equal to the one of ξB,φB .
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Therefore, we need to show that (χ, ξB,φB ) = (χ|Rβ , ξB,φB |Rβ ) for all χ ∈ Irr(ξB,φB ). By
Frobenius reciprocity,
(χ|Rβ , ξB,φB |Rβ ) = (χ, (ξB,φB |Rβ )
U )
= (χ, (ξB,φB |Rβ ⊗ 1Rβ)
U )
= (χ, ξB,φB ⊗ 1Rβ
U ).
Since U = Rβ ⋊ Uβ, 1Rβ
U = (1{1}
Uβ )U is the regular character of Uβ inflated to U . By
the proof of Theorem 2.6, 1Rβ
U equals 1U and a sum of all supercharacters of Uβ. Since
B ∪ T is a basic set of U for all basic sets T of Uβ, by Theorem 2.6, the uniqueness of
χ ∈ Irr(ξB,φB ) forces (χ, ξB,φB ⊗ 1Rβ
U ) = (χ, ξB,φB ). 
4. Irreducible representations of U of large degree
It is known in [8, 7] that the degrees of all irreducible characters of U are precisely
{qe| 0 ≤ e ≤ µ(n)} where
µ(n) =
{
m(m− 1) if n = 2m,
m2 if n = 2m+ 1.
For each 0 ≤ e ≤ µ(n), denote by Nn,e(q) the number of irreducible characters of Un(q)
having degree qe. We need some more preparation before presenting the construction of
large degree irreducible representations.
Lemma 4.1. For 1 ≤ k < n−1, let Sk := Σ
+−({α1,k, αk+1,n−1}∪leg(α1,k)∪arm(αk+1,n−1)).
The following are true:
(i) Sk is closed and Tk := 〈Xα : α ∈ Sk〉 is isomorphic to Un−1(q).
(ii) [Tk, Xα1,k ] = [Tk, Xαk+1,n−1 ] = {1}.
Proof. (i) Let {βi : 1 ≤ i ≤ n − 2} be the positive simple root set of Σn−2. Let ϕ be the
function mapping αi to βi for i ∈ [1, k−1], αk,k+1 to βk, and αi+1 to βi for i ∈ [k+1, n−2].
The claim is clear by extending ϕ linearly to all Sk and mapping xα(c) to xϕ(α)(c) for all
α ∈ Sk and c ∈ Fq.
(ii) Since [Xα, Xα1,k ] = [Xα, Xαk+1,n−1 ] = {1} for all α ∈ Sk, the statement is clear. 
Tk =
❅
❅
❅
❅
❅
α1,k
αk+1,n−1
αk,k+1
Un−1(q) =
❅
❅
❅
❅
❅ βk
It is clear that Tk ∩ Uα1,n−t ≃ Un−t(q) for all t ∈ [1, n− k − 1]. To facilitate the use of
Lemma 4.1, we make the following.
Definition 4.2. We define Tk,t := Tk ∩ Uα1,n−t where Tk is in Lemma 4.1.
For each almost faithful χ ∈ Irr(U), by Theorem 3.1, there exist uniquely ψ ∈ Irr(Uα2,n−2)
and λ ∈ Irr(Vα1,n−1/[Vα1,n−1 , Vα1,n−1 ])
∗ such that χ = (ψVα1,n−1 ⊗ λ)
U . The next lemma
generalizes this construction for all irreducible characters.
Lemma 4.3. Set α = αk+1,n−1 for some k ∈ [1, n − 2]. Suppose that there is χ ∈ Irr(U)
such that Xα ⊂ Z(χ) and Xα * ker(χ). Then there exist ξ ∈ Irr(Vα ∩ Uα1,n−2) and
λ ∈ Irr(Vα/[Vα, Vα])
∗ such that χ = (ξVα ⊗ λ)
U .
Proof. Set H = Vα ∩ Uα1,n−2 . Using the same method as in Lemma 3.2 (ii) by applying
a sequence of inductions along the arm of α, (ξVα ⊗ λ)
U ∈ Irr(U) for all ξ ∈ Irr(H) and
λ ∈ Irr(Vα/[Vα, Vα])
∗. Since Xα ⊂ Z(χ) and Xα * ker(χ), there exists λ ∈ Irr(Vα/[Vα, Vα])∗
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such that χ(x) = λ(x)χ(1) for all x ∈ Xα. Hence, we shall show that χ ∈ Irr(U, ξVα ⊗λ) for
some ξ ∈ Irr(H).
Let φ be a representation affording χ. For each t ∈ [1, k], all x ∈ Xα and y ∈ Xαt,k ,
φ([y, x])=[φ(y), φ(x)]=[φ(y), λ(x)φ(1)]=φ(1). Since Xαt,n−1=[Xαt,k , Xα], Xαt,n−1 ⊂ ker(χ).
We proceed U by modulo
∏k
t=1Xαt,n−1 . So LαXα E U where Lα = 〈Xβ : β ∈ leg(α)〉.
Since the hook group Hα is special, χ|Hα = a ·λ
U |Hα for some a ∈ Z
+. By Corollary 2.3,
χ|Lα = a · 1{1}
Lα . Thus, χ ∈ Irr(U, 1Lα) because (χ|Lα , 1Lα) = (a · 1{1}
Lα , 1Lα) = a > 0.
Suppose that χ|Vα =
∑
ξ∈S aξ · ξ for some S ⊂ Irr(Vα, λ|Xα) and aξ ∈ Z
+. Since
χ ∈ Irr(U, 1Lα), there exists ξ0 ∈ S such that ξ0 ∈ Irr(Vα, 1Lα). So ξ0 ∈ Irr(Vα, λ|LαXα).
Since LαXα E Vα and Vα = LαXα ⋊H , 1LαXα
Vα = (1{1}
H)Vα , the regular character of H
inflated to Vα. Thus, λ|LαXα
Vα = λ⊗ (1{1}
H)Vα . Since ξ0 ∈ Irr(Vα, λ|LαXα), ξ0|H ∈ Irr(H)
and ξ0 = λ⊗ (ξ0|H)Vα . So χ ∈ Irr(U, ξ0) = {ξ0
U}. 
Actually the uniqueness of ξ and λ in Lemma 4.3 can be proved. Now we present the
largest degree irreducible representations of U which has been stated in Theorem 1.2.
4.1. The largest degree irreducible representations of U . Lehrer [10] shows that the
degree of a largest degree irreducible character is q(n−2)+(n−4)+... = qµ(n), and that the
number of irreducible characters of degree qµ(n) is at least (q−1)[n/2]. (The square brackets
here denote the ‘greatest integer’ function.) By using Lehrer’s regular orbit method [10],
µ(n) > µ(n− 1) for all n ≥ 3.
Lemma 4.1.1. For n ≥ 3, each largest degree irreducible character of U factors uniquely
into a tensor product of an almost faithful elementary character with a largest degree irre-
ducible character of Uα2,n−2 . Therefore,
Nn,µ(n)(q) = (q − 1)Nn−2,µ(n−2)(q).
Proof. By Theorem 3.1, a product of an almost faithful elementary character and a largest
degree irreducible character of Uα2,n−2 is almost faithful and has degree equal to q
n−2+µ(n−2).
Since the described ones have the largest degree in the set of all almost faithful irreducibles,
it is enough to show that not almost faithful χ ∈ Irr(U) has degree less than qn−2+µ(n−2).
If Xαk,n−1 ⊂ ker(χ) for all 1 ≤ k ≤ n − 1, χ can be considered as a character of Uα1,n−2
and hence, χ(1) ≤ qµ(n−1) < qµ(n) since n ≥ 3. Therefore, we suppose that there is some
1 ≤ k < n− 1 such that Xαk+1,n−1 ⊂ Z(χ) and Xαk+1,n−1 * ker(χ). Set α = αk+1,n−1.
By Lemma 4.3, χ = (ξVα ⊗ λ)
U for some ξ ∈ Irr(Vα ∩Uα1,n−2) and λ ∈ Irr(Vα/[Vα, Vα])
∗.
Since χ(1) = ξ(1)λU (1) = qn−k−2ξ(1), we shall show that ξ(1) < qµ(n−2)+k.
Let T :=〈Xβ ⊂ Vα ∩ Uα1,n−2 : β /∈ leg(α1,k)〉 = Tk,2×Xα1,k ≃ Un−2(q)×Xα1,k by
Lemma 4.1. So a largest degree irreducible character of T has degree qµ(n−2). Since
|Vα : T | = q
|leg(α1,k)| = qk−1 and each irreducible character of Vα is a constituent of an
induced character of T , ξ(1) ≤ qµ(n−2)+k−1 < qµ(n−2)+k. 
From the proof of Lemma 4.1.1, the recursion formula µ(n) = n− 2+µ(n− 2) is directly
obtained. We can obtain back the formula of µ(n) as stated above with the initial values
µ(2) = 0 and µ(3) = 1. The following gives the connection between µ(n) and µ(n− 1).
Lemma 4.1.2. µ(n)− µ(n− 1) = [(n− 1)/2] for n ≥ 2.
Proof. This is Lemma 7.2 (a) in [9]. 
Our proof shows that the largest degree irreducible characters are supercharacters ξD,φ
where D = {αk,n−k : 1 ≤ k ≤ m} if n = 2m + 1, and D = {αk,n−k : 1 ≤ k ≤ m} or
D = {αk,n−k : 1 ≤ k < m} if n = 2m, because at αm,2m−m = αm, all elementary characters
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are linear. Notice that Isaacs [9] computes the number of regular orbits and obtains the
recursion formula Nn,µ(n)(q) in Lemma 4.1.1 in his proof. Moreover, he shows
Nn,µ(n)(q) =
{
(q − 1)m if n = 2m+ 1,
q(q − 1)m−1 if n = 2m.
In another way, we could use this result to prove Lemma 4.1.1 by applying Theorem 2.6 and
counting the supercharacters described above.
4.2. The second largest degree irreducible representations of U . There are two
cases as follows.
•
Un−2(q)
(i)
•
•
Un−4(q)
(ii)
The condition of case (ii) is n ≥ 5, hence, in this subsection we suppose n ≥ 5.
In (i), by Theorem 3.1, each tensor product of an almost faithful elementary character
with a second largest degree irreducible character of Uα2,n−2 ≃ Un−2(q) is a second largest
degree almost faithful irreducible character of U . There are (q− 1)Nn−2,µ(n−2)−1(q) second
largest degree irreducible characters in this case.
In case (ii), each tensor product of two elementary characters associated to α1,n−2 and
α2,n−1 respectively, by Lemma 3.2 (ii), decomposes into q distinct irreducible constituents
of degree qn−3+n−3−1 = q2n−7. By Lemma 3.4, a tensor product of each constituent with
a largest degree irreducible character of Uα3,n−3 ≃ Un−4(q) is a second largest irreducible
character of U . Since Xα1,n−1 is in their kernels, these characters are not almost faithful. So
we obtain q(q − 1)2Nn−4,µ(n−4)(q) second largest degree irreducible characters in this case.
Lemma 4.2.1. For n ≥ 5, each second largest degree irreducible representation of U is of
the form (i) or (ii). Therefore,
Nn,µ(n)−1(q) = (q − 1)Nn−2,µ(n−2)−1(q) + q(q − 1)
2Nn−4,µ(n−4)(q).
Proof. By Theorem 3.1 and Lemma 3.4, it suffices to show that χ(1) < qµ(n)−1 = qn−3+µ(n−2)
for all χ ∈ Irr(U) such that Xα1,n−2Xα1,n−1 ⊂ ker(χ). Notice that Xα1,n−2Xα1,n−1 is
mapped to Xα2,n−1Xα1,n−1 by the graph automorphism of GLn(q), i.e. the map sending g to
w0
−1gTw0 where w0 is the longest element in the Weyl group Sn and T means the transpose.
We proceed U by modulo Xα1,n−2Xα1,n−1 . If Xαk,n−1 ⊂ ker(χ) for all i ∈ [1, n− 1], χ can
be considered as a character of Uα1,n−2 , hence, χ(1) ≤ q
µ(n−1) < qµ(n)−1 by Lemma 4.1.2
with n ≥ 5. Therefore, we suppose that there is k ∈ [1, n− 2] such that Xαk+1,n−1 ⊂ Z(χ)
and Xαk+1,n−1 * ker(χ). Set α := αk+1,n−1.
Now we apply the same technique as in Lemma 4.1.1. By Lemma 4.3, χ = (ξVα ⊗λ)
U for
some ξ ∈ Irr(Vα∩Uα1,n−2) and λ ∈ Irr(Vα/[Vα, Vα])
∗. Since χ(1) = ξ(1)λU (1) = qn−k−2ξ(1),
we shall show that ξ(1) < qµ(n−2)+k−1.
Let T := 〈Xβ ⊂ Vα ∩ Uα1,n−2 : β /∈ leg(α1,k)〉 = Tk,2 × Xα1,k ≃ Un−2(q) × Xα1,k by
Lemma 4.1. Since we work with U/Xα1,n−2Xα1,n−1 , Tk,2 does not have any almost faithful
characters. So a largest degree irreducible character of T has degree at most qµ(n−2)−1.
Since |Vα : T | = q
|leg(α1,k)| = qk−1 and each irreducible character of Vα is a constituent of
some induced character of T , ξ(1) ≤ qµ(n−2)−1+k−1 < qµ(n−2)+k−1. 
As above, we remark that by using combinatorial methods, Isaacs [9] obtains the recursion
formula in Lemma 4.2.1 in his proof, and then, calculates
Nn,µ(n)−1(q) =
{
q(q − 1)m−1(m(q − 1) + 1) if n = 2m+ 1,
q(q − 1)m−1((m− 1)q + 1) if n = 2m.
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Again we could use this result to obtain all second largest degree irreducible representations
in Lemma 4.2.1 by counting irreducibles described in cases (i) and (ii).
4.3. The third largest degree irreducible representations of U . There are five cases
as follows.
Un−2(q)
•
(i)
••
Un−4(q)
(ii)
•
• •
Un−6(q)
(iii)
•
••
Un−6(q)
(iv)
•
••
Un−6(q)
(v)
The condition of cases (iii), (iv) and (v) is n ≥ 7, hence, we suppose n ≥ 7 in this subsection.
In (i), by Theorem 3.1, each tensor product of an almost faithful elementary character
with a third largest degree irreducible character of Uα2,n−2 ≃ Un−2(q) is a third largest degree
almost faithful irreducible character of U . In this case, there are (q − 1)Nn−2,µ(n−2)−2(q)
third largest degree irreducible characters.
In (ii), a tensor product of two elementary characters associated to α1,n−2 and α2,n−1
respectively decomposes into q distinct irreducible constituents. A tensor product of each
constituent with a second largest degree irreducible of Uα3,n−3 ≃ Un−4(q) is a third largest
degree irreducible character of U . Hence, in this case, they are not almost faithful and there
are q(q − 1)2Nn−4,µ(n−4)−1(q) third largest degree irreducible characters.
In (iii), we observe a tensor product of three elementary characters associated to α2,n−3,
α1,n−2 and α3,n−1 respectively; and in (iv), a tensor product of three elementary characters
associated to α1,n−3, α3,n−2 and α2,n−1 respectively. Since cases (iii) and (iv) are symmetric
by the graph automorphism of GLn(q), their decompositions are similar.
Lemma 4.3.1. A tensor product of three elementary characters associated to α2,n−3, α1,n−2
and α3,n−1 respectively, in case (iii), decomposes into q
2 distinct irreducible constituents of
degree q3n−14, each has multiplicity 1. A tensor product of each irreducible constituent with
a largest degree irreducible character of Uα4,n−4 ≃ Un−6(q) is a third largest degree irre-
ducible character of U . So there are q2(q−1)3Nn−6,µ(n−6)(q) third largest degree irreducible
characters in this case.
Proof. Let D := {α2,n−3, α1,n−2, α3,n−1}, V1 := Vα2,n−3 , V2 := Vα1,n−2 , V3 := Vα3,n−1 ,
and φ := {λ1, λ2, λ3} where λi ∈ Irr(Vi/[Vi, Vi])
∗ for i = 1, 2, 3. By Lemma 2.5, we have
ξD,φ =
⊗
λi∈φ
λi
U = λU where λ =
⊗
λi∈φ
λi|VD and VD = V1 ∩ V2 ∩ V3.
Let X := Xα1,2Xα2 . Since [X,VD] = {1}, 〈X,VD〉 = XVD ≃ X×VD. Since X is abelian,
λXVD splits into q2 distinct linear characters. Let µ 6= µ′ be two extensions of λ to XVD.
Let M0 := XVD, Mi := Mi−1Xα2,n−3−i for i ∈ [1, n − 5], Mi := Mi−1Xα1,2n−7−i for
i ∈ [n− 4, 2n− 8], and Mi := Mi−1Xα3,3n−9−i for i ∈ [2n− 7, 3n− 12]. So Mn−4 = Mn−5,
M2n−6 =M2n−7, Mn−5 = (V2∩V3)X ,M2n−8 = V3, M3n−12 = U . Let K0 := (leg(α2,n−3)∪
leg(α1,n−2)∪leg(α3,n−1))−{α3,n−3, α3,n−2}, andKi := Ki−1−{αn−2−i,n−3} for i ∈ [1, n−5],
Ki := Ki−1 − {α2n−6−i,n−2} for i ∈ [n − 4, 2n − 8], Ki := Ki−1 − {α3n−8−i,n−1} for
i ∈ [2n − 7, 3n − 12]. It is clear that Kn−4 = Kn−5, K2n−6 = K2n−7, K3n−14 is empty,
Xβ ⊂ ker(µ), ker(µ
′) for all β ∈ K0; and for every Mi = Mi−1Xα, Mi 6= Mi−1, there is
unique β ∈ Ki −Ki−1 such that α+ β ∈ {α2,n−3, α1,n−1, α3,n−3}.
Now we achieve µU 6= µ′U ∈ Irr(U) by applying exactly the same technique as in Lemma
3.2 (ii), i.e. by a sequence of inductions along the arms of α2,n−3, α1,n−2, α3,n−1 respectively,
namely from M0 to M1, ..., M3n−12. 
In both cases (iii) and (iv), there are 2q2(q − 1)3Nn−6,µ(n−6)(q) characters. Next, in (v),
we observe a tensor product of three elementary characters associated to α1,n−3, α2,n−2 and
α3,n−1 respectively.
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Lemma 4.3.2. A tensor product of three elementary characters associated to α1,n−3, α2,n−2
and α3,n−1 respectively, in case (v), decomposes into q
2 distinct irreducibles of degree q3n−15
with multiplicity 1 and (q − 1) distinct irreducibles of degree q3n−14 with multiplicity q. A
tensor product of each constituent of degree q3n−14 with a largest degree irreducible character
of Uα4,n−4 ≃ Un−6(q) is a third largest degree irreducible character of U . Hence, there are
(q − 1)4Nn−6,µ(n−6)(q) third largest degree irreducible characters in this case.
Proof. Let D := {α1,n−3, α2,n−2, α3,n−1}, V1 := Vα1,n−3 , V2 := Vα2,n−2 , V3 = Vα3,n−1 , and
φ := {λ1, λ2, λ3} where λi ∈ Irr(Vi/[Vi, Vi])
∗, i = 1, 2, 3. By Lemma 2.5, ξD,φ = λ
U where
λ =
⊗
λi∈φ
λi|VD and VD = V1 ∩ V2 ∩ V3.
Let X := Xα1Xα1,2Xα2 . Since [X,VD] = {1}, 〈X,VD〉 ≃ X × VD and λ inflates to XVD.
We have λXVD = (λXVD |VD⊗1VD)
XVD = λXVD⊗1VD
XVD = λXVD⊗
∑
χ∈Irr(XVD/VD)
χ(1)·χ.
Since 1VD
XVD = (1{1}
X)XVD , the regular character of X inflated to XVD and X ≃ U3(q),
1VD
XVD decomposes into (q − 1) irreducibles of degree q and q2 linear characters. Since
Irr(XVD) ≃ Irr(X)× Irr(VD), λXVD ⊗ χXVD ∈ Irr(XVD), for all χ ∈ Irr(X). Let µ 6= µ
′ be
two irreducible constituents of λXVD .
Let M0 := XVD, and Mi := Mi−1Xα1,n−3−i for i ∈ [1, n − 4], Mi := Mi−1Xα2,2n−6−i
for i ∈ [n − 3, 2n − 8], Mi := Mi−1Xα3,3n−9−i for i ∈ [2n − 7, 3n − 12]. Hence, Mn−2 =
Mn−3 = Mn−4, M2n−9 = M2n−8, Mn−4 = (V2 ∩ V3)X , M2n−8 = V3, and M3n−12 = U .
Let K0 := (leg(α1,n−3) ∪ leg(α2,n−2) ∪ leg(α3,n−1)) − {α2,n−3, α3,n−3, α3,n−2}, and Ki :=
Ki−1 − {αn−2−i,n−3} for i ∈ [1, n− 4], Ki := Ki−1 − {α2n−5−i,n−2} for i ∈ [n− 3, 2n− 8],
Ki := Ki−1−{α3n−8−i,n−1} for i ∈ [2n−7, 3n−12]. Hence,Kn−2 = Kn−3 = Kn−4,K2n−9 =
K2n−8, K3n−12 is empty, Xβ ⊂ ker(µ), ker(µ
′) for all β ∈ K0; for every Mi =Mi−1Xα such
that Mi 6=Mi−1, there is unique β ∈ Ki−Ki−1 such that α+ β ∈ {α1,n−3, α2,n−2, α3,n−1}.
We get µU 6= µ′U ∈ Irr(U) by applying the same technique as in Lemma 3.2 (ii), i.e.
proceeding a sequence of inductions along the arms of α1,n−3, α2,n−2, α3,n−1 respectively,
namely from M0 to M1, M2, ..., M3n−12.
Therefore, ξD,φ has (q − 1) distinct irreducibles of degree q
(3n−12)−3+1 = q3n−14 with
multiplicity q and q2 distinct irreducibles of degree q3n−15 with multiplicity 1. 
Theorem 4.3.3. For n ≥ 7, each third largest degree irreducible representation of U is of
the form (i), (ii), (iii), (iv), or (v). Therefore,
Nn,µ(n)−2(q) = (q − 1)Nn−2,µ(n−2)−2(q) + q(q − 1)
2Nn−4,µ(n−4)−1(q)
+(2q2 + q − 1)(q − 1)3Nn−6,µ(n−6)(q).
Proof. It is clear that the recursion formula we want to prove comes from (i), ..., (v),
hence we mainly show that there are no more supercharacters ξD,φ which give irreducible
constituents of degree qµ(n)−2 = qn−4+µ(n−2).
Case (i) lists all third largest degree almost faithful irreducible characters; cases (ii), ...,
(v) correspond with cases where Xα1,n−1 , Xα1,n−1Xα1,n−2 or Xα1,n−1Xα2,n−1 is contained in
the kernel of ξD,φ. By Theorem 2.6 and the graph automorphism of U , it suffices to check two
cases: the first type ξD,φ with α1,n−1−t ∈ D, t ≥ 3 (corresponding to cases (iii) and (iv)), i.e.
Xα1,n−1Xα1,n−2Xα1,n−3 ⊂ ker(ξD,φ), and the second type ξD,φ with {α1,n−3, α3,n−1} ⊂ D
and Xα1,n−2Xα1,n−1Xα2,n−2Xα2,n−1 ⊂ ker(ξD,φ) (corresponding to case (v)).
First, we study ξD,φ with α1,n−1−t ∈ D, t ≥ 3. Let χ ∈ Irr(ξD,φ). Since
∏3
i=1Xα1,n−i ⊂
ker(ξD,φ), we proceed U by modulo
∏3
i=1Xα1,n−i . If αk+1,n−1 /∈ D for all k ∈ [1, n− 2], χ
can be considered as a character of Uα1,n−2 ≃ Un−1(q). By Lemma 4.1.1 and Lemma 4.2.1,
χ has degree at most qµ(n−1)−2. By Lemma 4.1.2, qµ(n−1)−2 < qµ(n)−2 for all n ≥ 7, it is
done. So we suppose that αk+1,n−1 ∈ D for some k ∈ [1, n− 2]. Set α := αk+1,n−1.
By Lemma 4.3, χ = (ξVα ⊗ λ)
U for some ξ ∈ Irr(Vα ∩Uα1,n−2) and λ ∈ Irr(Vα/[Vα, Vα])
∗.
Hence, χ(1) = ξ(1)λU (1) = qn−k−2ξ(1). We shall show that ξ(1) < qµ(n−2)+k−2.
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Let T := 〈Xβ ⊂ Vα ∩ Uα1,n−2 : β /∈ leg(α1,k)〉 = Tk,2 × Xα1,k ≃ Un−2(q) × Xα1,k by
Lemma 4.1. Since we work with U/
∏3
i=1Xα1,n−i , by Lemma 4.1.1 and Lemma 4.2.1, Tk,2
only has irreducible characters of degree at most qµ(n−2)−2. Since |Vα : T | = q
|leg(α1,k)| =
qk−1 and each irreducible character of Vα is a constituent of some induced character of T ,
ξ(1) ≤ qµ(n−2)−2+k−1 < qµ(n−2)+k−2.
Now we study the second type of ξD,φ with {α1,n−3, α3,n−1} ⊂ D and Xβ ⊂ ker(ξD,φ)
for all β ∈ S = {α1,n−2, α2,n−2, α1,n−1, α2,n−1}. We proceed U by modulo
∏
β∈S Xβ. Let
χ ∈ Irr(ξD,φ) and set α := α3,n−1.
With k = 2, we repeat the proof with
T := 〈Xβ ⊂ Vα ∩ Uα1,n−2 : β /∈ leg(α1,2)〉 = T2,2 ×Xα1,2 ≃ Un−2(q)×Xα1,2 .
Since we work with U/Xα1,n−2Xα2,n−2 , by Lemma 4.1.1 and Lemma 4.2.1, T2,2 only has
irreducible characters of degree at most qµ(n−2)−2. Therefore, the claim holds. 
This method can be generalized to find Nn,µ(n)−4(q) for n ≥ 9. First, all supercharacters
ξD,φ with |D| = 4 must be decomposed. To obtain large degree constituents, D should be
chosen from {αi,j : 1 ≤ i ≤ 4, n−4 ≤ j ≤ n−1}. By Lemma 3.4, one only needs to consider
indecomposable basic sets D since the others belong to the largest, second largest and third
largest degree representations. It is easy to check that all these characters have degree
q4n−20 = qµ(n)−µ(n−8). One shall obtain (4q3 + 4q2 − 3q − 1)(q − 1)4 distinct irreducible
constituents of degree q4n−23 after decomposing them all. Finally, the technique in the proof
of Theorem 4.3.3 is used to prove that there are no more supercharacters giving constituents
of degree equal to qµ(n)−3. Hence, we obtain the formula.
Nn,µ(n)−3(q) = (q − 1)Nn−2,µ(n−2)−3(q) + q(q − 1)
2Nn−4,µ(n−4)−2(q)
+(2q2 + q − 1)(q − 1)3Nn−6,µ(n−6)−1(q) + q
2(q − 1)3Nn−6,µ(n−6)(q)
+(4q3 + 4q2 − 3q − 1)(q − 1)4Nn−8,µ(n−8)(q).
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